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Motivation

• Today Bayesian deep learning is most often tested on

• regularization (Bayesian Occam’s Razor, description length regularization)

• smoothing the predictions

• calibration and confidence intervals

• novelty and out-of-distribution detection

• noise to encourage exploration in RL

• But these all have non-Bayesian approaches that are competitive



The Three X’s

Exploration

Explanation

Extrapolation



Compositional GP Kernels

Lin� Lin SE�Per
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Primitive kernels: Composite kernels:

Gaussian processes are distributions over functions, 
specified by kernels.



Automatic Statistician

- Duvenaud et al., 2013, “Structure discovery in nonparametric  
regression through compositional kernel search”



Automatic Statistician

- Duvenaud et al., 2013, “Structure discovery in nonparametric  
regression through compositional kernel search”



- Lloyd et al., 2014, “Automatic construction and natural-language 
description of nonparametric regression models”



Structured Priors and Deep Learning

• This demonstrates the power and flexibility of function space priors.

• Problems

• Requires a discrete search over the space of kernel structures (tries thousands 
to analyze a dataset)

• Need to re-fit the kernel hyperparameters for each candidate structure

• Can Bayesian deep learning discover and exploit structured function 
space priors?

• Discover: Neural Kernel Network learns compositional kernels

• Exploit: functional variational BNN performs variational inference in function 
space

• Caveat: we haven’t yet figured out how to do both simultaneously
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Neural Kernel Network
• Neural Kernel Network: a neural net architecture that takes two input 

locations and computes the kernel between them

• Layers are defined using the composition rules, so every unit corresponds to 
a valid kernel.

• Good at representing the same compositional structures as the Automatic 
Statistician, but is end-to-end differentiable



Learning Flexible GP Kernels

• Extrapolates time series datasets similarly to the Automatic Statistician

• Runs in minutes rather than hours:

E�ciency

Table 1: Running time (seconds) for analyzing time series datasets. Results of

both methods are similar.

Airline Mauna Solar

Automatic Statistician 6147 51065 37716

NKN 201 576 962

20



Learning Flexible GP Kernels

• Extrapolating 2-D patterns

Ground truth

NKN prediction

Observation NKN Spectral Mixture 
(10 components)



Structured Kernels for Bayes Opt

• Structured kernels can help BayesOpt search much faster.

• E.g., if a function is additive, i.e.                                                   , then 
the search is linear rather than exponential.  (e.g. Kandasamy et al., 2015)

• BayesOpt with an NKN kernel can learn to make use of additive 
structure when it exists.

f(x1, . . . , xN ) = f(x1) + · · ·+ f(xN )
<latexit sha1_base64="1kZFLH0CfGcPFr1Die3lSA4/HCc="></latexit>



Structured Kernels for Bayes Opt

• Note: Bayesian neural nets don’t achieve this by default.

• Even though they’re good at representing additive functions, they don’t seem to 
enjoy the inductive bias.
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Functional variational BNNs

• Define a stochastic process prior (e.g. a GP) 

• Goal: train a generator network to produce functions as close as possible to 
the stochastic process posterior 

• The stochastic weights and units are shared between all input locations. 
Hence, even the stochastic units represent epistemic, not aleatoric, 
uncertainty.

x1 x2

y



Functional ELBO

• Perform variational inference over stochastic processes using the functional 
ELBO (fELBO) 

• p(f) could be a GP, or it could be an implicit prior 

• Useful result (based on Kolmogorov Extension Theorem)

Under review as a conference paper at ICLR 2019

we introduce functional variational inference, where the functional ELBO (fELBO) is defined with
respect to a variational posterior over functions (f : X ! Y) rather than over weights.

L(q) := Eq[log p(y
D
|f)]�KL[q(f)||p(f)]. (3)

Specifically, we assume a stochastic process prior p(f) over functions. This could be a Gaussian
Process, but one could also use stochastic processes without closed-form marginal densities, such as
distributions over piecewise linear functions. We consider a variational posterior q�(f) 2 Q defined
in terms of a neural network with stochastic weights and/or stochastic inputs. Specifically, we sample a
function from q by sampling a random noise ⇠ and reparameterize f(x) = g�(x, ⇠). For example, the
standard Bayesian neural networks with Gaussian weight distributions allow this reparameterization
trick (Kingma & Welling, 2013). Note that because a single vector ⇠ is shared among all input
locations, it corresponds to randomness in the function, rather than observation variance; hence, the
sampling of ⇠ corresponds to epistemic, rather than aleatoric, uncertainty (Depeweg et al., 2017).

In theorem 1, we prove that the functional KL divergence is equal to the supremum of marginal KL
divergences over all finite sets of input locations X = x1:n, which we term measurement points.
Intuitively, this follows from the Kolmogorov Extension Theorem in section 2.2 which guarantees
that we only need finite marginal distributions to define the stochastic process. A full proof is given
in Appendix A.
Theorem 1 (Functional KL Divergence). For two stochastic processes P,Q, the KL divergence is
the supremum of marginal KL divergences over all finite subset of inputs x1:n:

KL[PkQ] = sup
n, x1:n

KL[Px1:nkQx1:n ]. (4)

fELBO Using this characterization of the functional KL divergence, we rewrite the fELBO:
L(q) = Eq[log p(y

D
|f)]� sup

X
KL[q(fX)||p(fX)]

= inf
X

X

(xD,yD)2D

Eq[log p(y
D
|f(xD

))]�KL[q(fX)||p(fX)]

:= inf
X

LX(q).

(5)

Hence, maximizing L(q) can be viewed as a two-player game analogous to a GAN (Goodfellow et al.,
2014): the generator is maximizing LX(q) with respect to q, and the discriminator is minimizing
LX(q) with respect to X.

Interestingly, we can show that if measurement points contains all training examples, L(q) is a lower
bound of the log marginal likelihood log p(D). A proof is in ??.
Theorem 2 (Lower Bound). If X contains all training input locations XD, then

LX(q) = log p(D)�KL[q(fX)kp(fX|D)]  log p(D).

3.2 FUNCTIONAL VARIATIONAL INFERENCE

Now we present practical algorithms for functional variational inference.

Adversarial Functional Variational Inference Analogously to GANs1, L(q) is likely to be infi-
nite if the discriminator is completely unrestricted, because most stochastic process priors assign
measure zero to the set of functions representable by a neural network (Arjovsky & Bottou, 2017).
However, by limiting the capacity of the discriminator, we obtain a meaningful minimax objective
which forces the generator to produce samples which resemble the true posterior. Most obviously, we
can restrict the discriminator to choose measurement points of size M . Then we have the adversarial
functional variational inference:

max
q2Q

min
|X|=M

LX(q). (6)

To solve this minimax problem, we can adopt the similar inner and outer loop optimization like did in
GANs (Goodfellow et al., 2014). In the inner loop, we minimize LX(q) with respect to X; in the
outer loop, we maximize LX(q) with respect to the generator q.

1The ordinary GAN objective is typically infinite for an unrestricted discriminator because the generator
typically generates from a submanifold of data space.

4
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Functional ELBO

• Rewrite the fELBO in terms of measurement points 

• In principle, since this is a minmax objective, the measurement points could 
be chosen by an adversary. 

• In practice, measurement points consist of random training examples and 
random points from the domain.

Under review as a conference paper at ICLR 2019
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fELBO gradients

Under review as a conference paper at ICLR 2019

Sampling-Based Functional Variational Inference Adversarial functional variational inference
plays a minimax game, which is difficult to optimize and takes longer time for convergence (Goodfel-
low et al., 2014). Here we present sampling-based functional variational inference as an alternative,
which only jointly optimizes a same objective like VAE (Kingma & Welling, 2013). Specifically, we
replace the minimization in eq. (6) with a sampling distribution c, and then maximize the expected
LX(q) under this distribution.

However, without the minimization, the objective will be inclined to overfit on training locations
because of the log likelihood term. We therefore let the measurement points X include random subset
XDs of training data and denote XM

= X\XDs . Then the sampling-based functional variational
inference becomes,

max
q2Q

EXM⇠c LXM ,XDs (q). (7)

where XM are M points independently drawn from c. Denote fM , fD as the function values for
XM ,XD, respectively. By theorem 2, if X contains all of XD,

LXM ,XD (q) = log p(D)�KL[q(fM , fD)kp(fM , fD|D)]. (8)

Maximizing LXM ,XD (q) is equivalent to minimizing the KL divergence from the true posterior on
points XM ,XD. Therefore, another interpretation of sampling-based functional variational inference
is that we want better posterior approximation on more "interesting" locations weighted by c.

3.3 KL DIVERGENCE GRADIENTS

Computing fELBO requires to compute the likelihood term and the KL divergence. Although the
likelihood term is tractable, the KL divergence term remains intractable because we don’t have the
explicit formula for variational posterior q�(fX|X). Note r�KL[q�(fX)kp(fX)] is given by

Eq

⇥
r� log q�(f

X
)
⇤
+ E⇠

⇥
r�f

X
(rf log q(f

X
)�rf log p(f

X
))
⇤
. (9)

It is easy to check that the first term in eq. (9) is zero (Roeder et al., 2017). Besides that, using
parametric variational posterior, the gradients r�fX can be computed easily by backpropagation.
All we left are the log-density derivatives rf log q(fX) andrf log p(fX). As introduced in Sec 2.3,
SSGE offers us an principled way to estimate the score function at both in-distribution samples and
out-of-distribution samples. Therefore, we can apply SSGE to estimate the two derivatives above.
Additionally, for priors with explicit densities like Gaussian Processes (Rasmussen, 2004), Student-t
process (Shah et al., 2014) and Wishart Process (Dawid, 1981),rf log p(fX) is analytic.

3.4 THE ALGORITHM

Throughout this paper, we mainly investigate sampling-based functional variational inference.

Now we present the whole algorithm for fBNNs in Algorithm 1. Because the log likelihood term
has unbiased mini-batch estimations, we estimate LX(q) with mini-batch Ds for fast computation.
Specifically, we are optimizing

X

(x,y)2Ds

Eq� [log p(y|f(x))]�KL[q(fM , fDs)kp(fDs , fM )] (10)

which is also a proper lower bound of log p(Ds).

Algorithm 1 Functional Variational Bayesian Neural Networks (fBNNs)

Require: Dataset D, sampling distribution c, variational posterior g(·), prior p (explicit or implicit).
1: while � not converged do

2: XM
⇠ c; DS ⇢ D . sample measurement points

3: fi = g({XM ,XDS}, ⇠i;�), i = 1 · · · k. . sample k function values
4: g1 =

1
k

P
i

P
(x,y)r� log p(y|fi(x)) . compute log likelihood gradients

5: g2 = SSGE(p, f1:k) . estimate KL gradients
6: � Optimizer(�,g1 � g2) . update the parameters
7: end while

5

log-likelihood gradient 
(reparam trick, mini-batches)

��LX(q) =
N�

i=1

��Eq[log p(y(i) |x(i), f)] � ��DKL(q�(fX) � p(fX)
<latexit sha1_base64="zS/3/GsiYbqRAdQLfnQM0ByHjuA="></latexit><latexit sha1_base64="zS/3/GsiYbqRAdQLfnQM0ByHjuA="></latexit><latexit sha1_base64="zS/3/GsiYbqRAdQLfnQM0ByHjuA="></latexit><latexit sha1_base64="zS/3/GsiYbqRAdQLfnQM0ByHjuA="></latexit>

= 0 estimate using spectral Stein  
gradient estimator (SSGE)

SSGE only works in low-dimensional 
spaces, but we can choose a small  

measurement set 

handles implicit p (sort of)



Experiments: y = x3

BNN, variational inference (Bayes By Backprop)

1x100 2x100

3x100 5x100



Experiments: y = x3

Functional variational BNN

1x100 2x100

3x100 5x100



Experiments: periodic function

Variational BNN 
(Bayes By Backprop)

fBNN, prior = 
GP w/ periodic kernel GP w/ periodic kernel



Experiments: implicit priors

Prior 
Samples Variational Posterior



Conclusions

• Specify a stochastic process prior, not a prior over weights 

• Perform variational inference over functions, not weight space 

• functional ELBO 

• approximate KL term with marginal KL over a measurement set 

• approximate the marginal KL using SSGE 

• why not just use a GP? 

• explicit function samples 

• scalability in # examples 

• implicit priors 

• derivative observations? 

• easily compose functional BNNs into larger networks?



Thank you!


